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b
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1
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A

C
o
n
n
e
c
tio
n
B
e
tw
e
e
n
B
B
P
-T
y
p
e
F
o
r
m
u
la
s
a
n
d
N
o
r
m
a
lity

T
h
e
o
r
e
m
:
T
h
e
B
B
P
-ty
p
e
con
stan
t

�

=

1Xk
=
0

p
(
k
)

b
k
q(
k
)

(w
h
ere
p
(
k
)
an
d
q
(
k
)
are
in
teger
p
oly
n
om
ials,
d
eg
p
<

d
eg
q
an
d
q
h
as
n
o
zero
es

for
p
ositiv
e
k
)
is
n
orm
al
b
ase
b
if
an
d
on
ly
if
th
e
seq
u
en
ce
x
0
=
0,
an
d

x
n

=

0BB@
b
x
n
�

1
+
p
(
n
)

q(
n
) 1CCA
m
o
d
1

is
eq
u
id
istrib
u
ted
in
th
e
u
n
it
in
terval.

P
r
o
o
f
S
k
e
tc
h
:
L
et
�
n

b
e
th
e
b
ase-b
ex
p
an
sion
of
�

after
th
e
n
-th
d
igit.

F
ollow
in
g
th
e
B
B
P
ap
p
roach
,
w
e
can
w
rite

�
n

=

8><>:
nXk

=
0

b
n
�

kp
(k
)

q
(k
)

9>=>;
+

8><>:
1X

k
=
n
+
1

b
n
�

kp
(k
)

q
(k
)

9>=>;

=

0B@
b�
n
�

1
+
p
(n
)

q
(n
) 1CA
m
o
d
1

+
E
n

w
h
ere
E
n

go
es
to
zero.

1
6



T
w
o
E
x
a
m
p
le
s

1.
L
et
x
0
=
0,
an
d

x
n

=
0B@2

x
n
�

1
+
1n
1CA

m
o
d
1

Is
(
x
n )
eq
u
id
istrib
u
ted
in
[0
;1)?

2.
L
et
x
0
=
0
an
d

x
n

=

0BB@ 16
x
n
�

1
+

120
n
2�
89
n
+
16

512
n
4�
1024
n
3
+
712
n
2�
206
n
+
21 1CCA
m
o
d
1

Is
(
x
n )
eq
u
id
istrib
u
ted
in
[0
;1)?

If
an
sw
er
to
Q
u
estion
1
is
\yes",
th
en
log
2
is
n
orm
al
to
b
ase
2.

If
an
sw
er
to
Q
u
estion
2
is
\yes",
th
en
�
is
n
orm
al
to
b
ase
16
(an
d
h
en
ce
to
b
ase

2
also).

1
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A

C
la
ss
o
f
P
r
o
v
a
b
ly
N
o
r
m
a
l
C
o
n
sta
n
ts

U
sin
g
th
e
B
B
P
ap
p
roach
,
R
ich
ard
C
ran
d
all
an
d
D
H
B
h
ave
n
ow
p
rov
en
n
orm
al-

ity
for
a
class
of
con
stan
ts,
th
e
sim
p
lest
in
stan
ce
of
w
h
ich
is

�
2
;3

=

1Xk
=
1

1
3
k2
3
k

=

0
:04188
368083
15029850712528986245716824260
96
:
:
:1
0

=

0
:0
A
B
8
E
3
8
F
6
8
4
B
D
A
1
2
F
6
8
4
B
F
3
5
B
A
7
8
1
9
4
8
B
0
F
C
D
6
E
9
E
0
:
:
:1
6
:

�
2
;3
w
as
actu
ally
p
rov
en
n
orm
al
b
ase
2
in
a
little-k
n
ow
n
p
ap
er
b
y
S
ton
eh
am
in

1977.
C
ran
d
all
an
d
D
H
B
p
roved
n
orm
ality
an
d
tran
scen
d
en
ce
for
an
u
n
cou
n
t-

ab
ly
in
�
n
ite
class
th
at
in
clu
d
es
�
2
;3 .

T
h
ese
con
stan
ts
also
p
ossess
th
e
rap
id
in
d
iv
id
u
al
d
igit
com
p
u
tation
p
rop
erty.

T
h
e
go
ogol-th
b
in
ary
d
igit
of
�
2
;3
is
zero.

1
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O
v
e
r
v
ie
w

o
f
th
e
A
R
P
R
E
C

P
a
c
k
a
g
e

�
B
ased
on
earlier
M
P
F
U
N
-77
an
d
M
P
F
U
N
-90
F
ortran
p
ackages.

�
C
o
d
e
w
ritten
in
C
+
+
for
h
igh
p
erform
an
ce
an
d
b
road
p
ortab
ility.

�
C
+
+
an
d
F
ortran
-90
tran
slation
m
o
d
u
les
th
at
p
erm
it
con
v
en
tion
al
C
+
+
an
d

F
ortran
-90
p
rogram
s
to
u
tilize
th
e
p
ackage
w
ith
on
ly
v
ery
m
in
or
ch
an
ges
to

sou
rce
co
d
e.

�
A
rb
itrary
p
recision
in
teger,


oatin
g
an
d
com
p
lex
d
ataty
p
es.

�
S
u
p
p
ort
for
d
ataty
p
es
w
ith
d
i�
erin
g
p
recision
levels.

�
In
ter-op
erab
ility
w
ith
con
ven
tion
al
in
teger
an
d


oatin
g-p
oin
t
d
ataty
p
es.

�
C
om
m
on
tran
scen
d
en
tal
fu
n
ction
s
(sq
rt,
ex
p
,
sin
,
etc).

�
Q
u
ad
ratu
re
rou
tin
es
(for
n
u
m
erical
in
tegration
).

�
P
S
L
Q
rou
tin
es
(for
in
teger
relation
d
etection
).

�
S
p
ecial
rou
tin
es
for
ex
tra-h
igh
p
recision
(
>

1000
d
igits)
com
p
u
tation
.

1
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S
tr
u
c
tu
r
e
o
f
A
R
P
R
E
C

M
u
ltip
r
e
c
isio
n
D
a
ta

�
A
n
array
of
64-b
it
IE
E
E


oats.

�
W
ord
1:
N
u
m
b
er
of
w
ord
s
allo
cated
for
array.

�
W
ord
2:
N
u
m
b
er
of
m
an
tissa
w
ord
s
u
sed
;
sign
is
sign
of
n
u
m
b
er.

�
W
ord
3:
E
x
p
on
en
t
(p
ow
ers
of
2
4
8).

�
W
ord
4
th
rou
gh
n
+
3:
M
an
tissa
w
ord
s,
each
in
th
e
ran
ge
[0
;2
4
8).

�
W
ord
n
+
4
an
d
n
+
5:
F
or
con
ven
ien
ce
in
arith
m
etic
rou
tin
es.

2
0



E
x
a
c
t
A
r
ith
m
e
tic
o
n
6
4
-B
it
IE
E
E
D
a
ta

D
o
u
b
le
+
d
o
u
b
le
.

1.
s
 
a
�
b

2.
v
 
s
	
a

3.
e
 
(a
	
(s
	
v
))�
(b
	
v
)

S
p
lit.

1.
t
 
(2
2
7
+
1
)

a

2.
a
h
i  
t	
(t	
a
)

3.
a
lo
 
a
	
a
h
i

D
o
u
b
le
�
d
o
u
b
le
(n
ot
n
eed
ed
if
sy
stem
h
as
fu
sed
m
u
ltip
ly
-a
d
d
).

1.
p
 
a


b

2.
(a
h
i ;
a
lo )
 
S
p
l
it
(a
)

3.
(b
h
i ;
b
lo )
 
S
p
l
it
(b)

4.
e
 
((a
h
i 

b
h
i 	
p
)�
a
h
i 

b
lo �
a
lo 

b
h
i )�
a
lo 

b
lo

N
o
r
m
a
liz
e
r
e
s
u
lt
(tw
o
w
ord
s
w
ith
48
b
its
each
).

1.
p
0 
(p
=
2
4
8�
2
5
2)	
2
5
2

2.
e
0 
(p
�
p
0)�
e

2
1



P
e
r
fo
r
m
in
g
H
ig
h
-P
r
e
c
isio
n
M
u
ltip
lic
a
tio
n
s
U
sin
g
F
F
T
s

If
a
=
(a
j
;
j
=
0
;1
;���
;
n
�
1)
an
d
b
=
(b
j ;
j
=
0
;1
;���
;
n
�
1)
are
tw
o
h
igh
-

p
recision
n
u
m
b
ers,
th
en
th
eir
2
n
-lon
g
p
ro
d
u
ct
(ex
cep
t
for
release
of
carries)
is

m
erely
th
e
acy
clic
con
volu
tion
of
a
an
d
b:

E
x
ten
d
a
an
d
b
b
y
n

zero
es,
th
en
com
p
u
te:

c
k

=
2
n
�

1
Xj=

0
a
j
b
k
�

j

w
h
ere
th
e
su
b
scrip
t
k
�
j,
if
n
egative,
is
taken
to
b
e
k
�
j
+
2
n
.
T
h
ese
resu
lts

can
th
u
s
b
e
rap
id
ly
com
p
u
ted
u
sin
g
an
F
F
T
:

c
k

=
F
�

1
k

[F
k (
a
)�
F
k (b)]

w
h
ere
for
ex
am
p
le

F
k (
a
)
=

2
n
�

1
Xj=

0
a
j e
�

2
�
ij
k
=
(2
n
)

A
d
d
ition
al
tim
e
can
b
e
saved
b
y
u
sin
g
real-to-com
p
lex
an
d
com
p
lex
-to-real

F
F
T
s.

2
2



Im
p
r
o
v
e
m
e
n
ts
fr
o
m

M
P
F
U
N

to
A
R
P
R
E
C

�
Im
p
rov
ed
arith
m
etic
p
erform
an
ce:
S
ch
em
es
on
p
rev
iou
s
v
iew
grap
h
can
b
e

p
erform
ed
as
register
op
eration
s,
w
h
ich
are
v
ery
fast
on
m
o
d
ern
R
IS
C
sy
s-

tem
s.

�
T
ay
lor's
series
rou
tin
es:
R
ou
tin
es
for
sin
e,
cosin
e
an
d
ex
p
on
en
tial
red
u
ce

p
recision
as
th
e
size
of
term
s
d
ecreases.

�
S
in
e/C
osin
e:
A
rgu
m
en
t
is
red
u
ced
to
th
e
n
earest
m
u
ltip
le
of
�
=
256,
in
stead

of
�
=
16.

�
F
F
T
-b
ased
m
u
ltip
lication
:
A
rad
ix
-fou
r
F
F
T
algorith
m
is
u
sed
,
in
stead
of

a
rad
ix
-tw
o
F
F
T
.

2
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A
r
ith
m
e
tic
P
e
r
fo
r
m
a
n
c
e
:
A
R
P
R
E
C

v
s
M
P
F
U
N

A
rith
m
etic
test
lo
op
(400
d
ecim
al
d
igit
p
recision
):

�
M
P
F
U
N
=
14.78
secon
d
s.

�
A
R
P
R
E
C
=
10.80
secon
d
s.

P
oly
logarith
m
ic
lad
d
er
calcu
lation
(50,000
d
igit
p
recision
):

�
M
P
F
U
N
=
1408
C
P
U
-h
ou
rs
on
C
ray
T
3E
p
arallel
sy
stem
(32
C
P
U
s).

�
A
R
P
R
E
C
=
1062
C
P
U
-h
ou
rs
on
IB
M
S
P
p
arallel
sy
stem
(64
C
P
U
s).

2
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T
h
r
e
e
S
ta
te
-o
f-th
e
-A
r
t
Q
u
a
d
r
a
tu
r
e
R
o
u
tin
e
s

�
G
au
ssian
q
u
ad
ratu
re.

�
E
rror
fu
n
ction
q
u
ad
ratu
re.

�
T
an
h
-sin
h
q
u
ad
ratu
re.

2
5



H
ig
h
-P
r
e
c
isio
n
G
a
u
ssia
n
Q
u
a
d
r
a
tu
r
e

A
n
in
tegral
on
[�
1
;1]
is
ap
p
rox
im
ated
as
th
e
su
m

Z
1�

1
f
(
x
)
d
x

�
nXj=

0
w
j f
(x
j );

w
h
ere
th
e
ab
scissas
x
j

are
th
e
ro
ots
of
th
e
n
-th
d
egree
L
egen
d
re
p
oly
n
om
ial

P
n (
x
)
on
[�
1
;1],
an
d
th
e
w
eigh
ts
x
j

are

w
j

=

�
2

(n
+
1)P
0n (x

j )P
n
+
1 (x
j )

T
h
e
ab
scissas
x
j

are
com
p
u
ted
u
sin
g
a
N
ew
ton
iteration
sch
em
e,
w
ith
startin
g

valu
e
cos[�
(
j
�
1
=
4)
=
(n
+
1
=
2)].
T
h
e
fu
n
ction
P
n (x
)
is
com
p
u
ted
u
sin
g
an

n
-lon
g
iteration
of
th
e
recu
rren
ce
P
0 (x
)
=
0
;
P
1 (x
)
=
1
an
d

(k
+
1)P
k
+
1 (x
)
=

(2
k
+
1)x
P
k (x
)�
k
P
k
�

1 (x
)

for
k
�
2.
T
h
e
d
erivative
P
0n (x
)
is
com
p
u
ted
as

P
0n (x
)
=

n
(x
P
n (x
)�
P
n
�

1 (x
))=
(x
2�
1)

2
6



T
h
e
E
u
le
r
-M
a
c
la
u
r
in
F
o
r
m
u
la
a
n
d
H
ig
h
-P
r
e
c
isio
n
Q
u
a
d
r
a
tu
r
e

L
et
h
=
(
b�
a
)
=
n

an
d
x
j

=
a
+
j
h
.
T
h
en

Z
ba

f
(x
)
d
x

=

h2
(f
(a
)
+
f
(b))
+
h

n
�

1
Xj=

1
f
(x
j )

+
mXi=

1
h
2
iB

2
i

(2
i)!

�f
(2
i
�

1
)(b)�
f
(2
i
�

1
)(a
) �
+
E

w
h
ere
th
e
error
term
E

is
sm
aller
th
an
h
2
m
+
1
=
(2
m

+
2)!
tim
es
a
certain
d
e�
n
ite

in
tegral
th
at
d
o
es
n
ot
d
ep
en
d
on
n

or
h
.

T
h
e
E
-M
form
u
la
also
ap
p
lies
for
fu
n
ction
s
d
e�
n
ed
on
an
in
�
n
ite
in
terval,
w
h
ere

f
(
x
)
an
d
all
its
d
erivativ
es
ten
d
rap
id
ly
to
zero
for
large
x
.
In
th
is
case,
w
e
h
ave

Z
1

�

1

f
(x
)
d
x

=

h

1X
j
=
�

1

f
(x
j )
+
E

w
h
ere
th
e
error
term
E

ten
d
s
to
zero
m
ore
rap
id
ly
th
an
an
y
p
ow
er
of
h
,
as
h

is
d
ecreased
.

2
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T
h
e
E
r
r
o
r
F
u
n
c
tio
n
Q
u
a
d
r
a
tu
r
e
S
c
h
e
m
e

L
et
g
(
x
)
=
erf(
x
)
=
(2
= p
�
) R
x0
e
�

t 2
d
t.
N
ote
th
at
erf(x
)
ran
ges
m
on
oton
ically

from
-1
to
1.
T
h
u
s
w
e
can
w
rite

Z
1�

1
f
(x
)
d
x

=

Z
1

�

1

f
(g
(t))g
0(t)
d
t

S
in
ce
g
0(
t)
=
2
= p
�
�
e
�

t 2
go
es
to
zero
rap
id
ly
for
large
t,
th
e
in
tegran
d
on
th
e

R
H
S
is,
for
m
an
y
f
(
x
)
2
C
1

(�
1
;1),
a
n
ice
b
ell-sh
ap
ed
cu
rv
e
for
w
h
ich
th
e

E
-M
form
u
la
ap
p
lies.
T
h
u
s
w
e
can
w
rite

Z
1�

1
f
(x
)
d
x

�
h

1X
k
=
�

1

f
(g
(k
h
))g
0(k
h
)
�
h

NX
k
=
�

N
f
(x
k )w
k

w
h
ere
x
k

=
erf(k
h
)
an
d
w
k

=
2
= p
�
�
e
�

(
k
h
)
2.

T
h
e
x
k

an
d
w
k

valu
es
can
b
e

p
re-com
p
u
ted
.

T
h
e
tan
h
-sin
h
q
u
ad
ratu
re
sch
em
e
u
ses
th
e
fu
n
ction
g
(t)
=
tan
h
(�
=
2
�
sin
h
t),

w
h
ose
d
erivativ
es
ten
d
to
zero
even
faster.

2
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T
e
st
P
r
o
b
le
m
s
fo
r
Q
u
a
d
r
a
tu
r
e
R
o
u
tin
e
s

W
ell-b
eh
av
ed
con
tin
u
ou
s
fu
n
ction
s
on
�
n
ite
itervals:

1
:
Z
10

t
log
(1
+
t)
d
t
=

1
=
4

2
:
Z
10

t
2
arctan
t
d
t
=

(�
�
2
+
2
lo
g
2
)=
1
2

3
:
Z
�
=
2

0

e
tcos
t
d
t
=

(e
�
=
2�
1)=
2

4
:
Z
10

arctan
( p
2
+
t
2)

(1
+
t
2) p
2
+
t
2
d
t
=

5
�
2=
96

C
on
tin
u
ou
s
fu
n
ction
s
on
�
n
ite
itervals,
b
u
t
w
ith
a
vertical
d
erivative
at
an
en
d
p
o
in
t:

5
:
Z
10
p

t
log
t
d
t
=

�
4
=
9

6
:
Z
10
p

1
�
t
2
d
t
=

�
=
4

F
u
n
ction
s
on
�
n
ite
in
tervals
w
ith
an
in
tegrab
le
sin
gu
larity
at
an
en
d
p
o
in
t:

7
:
Z
10

t

p
1
�
t
2
d
t
=

1

8
:
Z
10

log
t
2
d
t
=

2

9
:
Z
�
=
2

0

log(cos
t)
d
t
=

�
�
log(2)=
2

10
:
Z
�
=
2

0

p
tan
t
d
t
=

� p
2
=
2

F
u
n
ction
s
on
an
in
�
n
ite
in
terval:

11
:
Z
1

0

1
1
+
t
2
d
t
=

�
=
2

12
:
Z
1

0

e
�

t

p
t
d
t
=

p
�

13
:
Z
1

0

e
�

t
2=
2
d
t
=

r
�
=
2

O
scillatory
fu
n
ction
s
on
an
in
�
n
ite
in
terval:

14
:
Z
1

0

e
�

tco
s
t
d
t
=

1
=
2

15
:
Z
1

0

sin
t

t

d
t
=

�
=
2

2
9



P
e
r
fo
r
m
a
n
c
e
o
f
Q
u
a
d
r
a
tu
r
e
R
o
u
tin
e
s
o
n
T
e
st
P
r
o
b
le
m
s

Q
U
A
D
G
S

Q
U
A
D
E
R
F

Q
U
A
D
T
S

P
rob
.
L
evel

T
im
e
E
rror

L
evel

T
im
e
E
rror

L
evel
T
im
e
E
rror

In
it

9

2755.08

9

138.81

9

48.21

1

6

8.90
10
�

4
2
2

9

60.43
10
�

4
2
1

7

13.61
1
0
�

3
9
0

2

6

9.35
10
�

4
2
2

9

39.91
10
�

4
1
2

8

23.78
1
0
�

4
2
1

3

5

4.43
10
�

4
2
0

9

48.04
10
�

4
1
9

7

12.76
0

4

6

9.15
10
�

4
2
0

9

100.07
10
�
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